In this paper, we introduce a new class of set-valued vector implicit quasi complementarity problems with corresponding set-valued implicit quasi variational inequality problems. By means of the Fan-KKM theorem, we investigate the nonemptiness and compactness of solution sets of these problems. Our work generalizes and improves some results appeared recently in the literature.
Introduction
The complementarity theory introduced by Lemke [1] and Cottle and Dantzig [2] is a new domain of applied mathematics and it has many applications in optimization, economics, finance, engineering, mechanics and game theory; see for example [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and the references therein. It is well known that some complementarity problems are equivalent to the related variational inequalities under certain conditions. There have been many discussions on the relations between the solution sets to complementarity problems and the solution sets to the corresponding variational inequality problems; see for example [3] [4] [5] [6] [8] [9] [10] [11] [12] [13] .
Recently Farajzadeh et al. [5] introduced mixed quasi complementarity problems in a topological vector space and established the existence result for mixed quasi variational inequality problems. They showed that the mixed quasi complementarity problems are equivalent to the mixed quasi variational inequality problems.
Very recently Khan [9] introduced and studied the following generalized vector implicit quasi complementarity problem (GVIQCP): find x ∈ K such that ⟨N(Ax, Tx), g(x)⟩ + F (g(x), g(x)) = 0 and ⟨N(Ax, Tx), h(y)⟩ + F (h(y), g(x)) ∈ P(x), ∀y ∈ K , and the following generalized vector implicit quasi variational inequality problem (GVIQVIP): find x ∈ K such that ⟨N(Ax, Tx), h(y) − g(x)⟩ + F (h(y), g(x)) − F (g(x), g(x)) ∈ P(x), ∀y ∈ K , where K ⊆ X be a nonempty closed and convex subset of a Banach space X ,
He investigated the nonemptiness and closeness of solution sets of these problems and proved that solution sets of both the problems are equivalent to each other under some suitable conditions.
Motivated by the recent work going in this direction, in this work we introduce a class of set-valued vector implicit quasi variational inequality problems and corresponding set-valued vector implicit quasi complementarity problems in real Banach spaces. Further by using the Fan-KKM theorem, we investigated the nonemptiness and compactness of solution sets of these problems. Furthermore, we establish equivalence between them under certain conditions. The results presented in this paper improve and generalize some recent results due to Khan [9] , Farajzadeh et al. [5] , Lee et al. [11] and Li and Huang [12] .
Preliminaries
Throughout this paper unless otherwise specified, let X and Y be two real Banach spaces. Let K ⊆ X be a nonempty convex subset of X and P ⊆ Y be a convex, pointed cone. An ordered Banach space (Y , P) is a real Banach space Y with an ordering defined by a cone P ⊆ Y with an apex at the origin in the form of
be the set-valued mappings. In this paper, we consider the following set-valued vector implicit quasi complementarity problem (SVVIQCP): find
Closely related to set-valued vector implicit quasi complementarity problem (SVVIQCP), we consider the following set-valued vector implicit quasi variational inequality problem (SVVIQVIP): find x ∈ K such that for all y ∈ K , there exists f ∈ N(Ax, Tx)
Some special cases of SVVIQCP and SVVIQVIP are the following.
(i) If N and F are the single-valued mappings, then (SVVIQCP) and (SVVIQVIP) are, respectively, reduced to (GVIQCP) and (GVIQVIP) considered and studied by Khan [9] .
(ii) If F is the single-valued mapping h, g are identity mappings, N(A, T ) = {T } and P(x) = R + , ∀x ∈ K , then (SVVIQCP) reduces to the generalized F -implicit complementarity problem (GF-ICP) which consists of finding x ∈ K such that ⟨Tx, x⟩ + F (x, x) = 0 and ⟨Tx, y⟩ + F (y, x) ≥ 0, ∀y ∈ K . Also (SVVIQVIP) reduces to the generalized F -implicit variational inequality problem (GF-IVIP) of finding
which was considered and studied by Farajzadeh et al. [5] .
(iii) If F : K → Y is a single-valued mapping, h is the identity mapping and N(A, T ) = {T }, then (SVVIQCP) reduces to the generalized vector F -implicit complementarity problem (GVF-ICP) which consists of finding x ∈ K such that
Also (SVVIQVIP) reduces to the generalized vector F -implicit variational inequality problem (GVF-IVIP) which consists
which was considered and studied by Farajzadeh and Zafarani [4] .
(iv) If P(x) = R + , ∀x ∈ K , then (GVF-ICP) reduces to generalized F -implicit complementarity problem (GF-ICP) which consists of finding x ∈ K such that
Also (GVF-IVIP) reduces to the generalized F -implicit variational inequality problem (GF-IVIP) which consists of finding
which was considered and studied by Li and Huang [12] .
In the rest of this section, we recall some definitions and a preliminary result which are used in the next section. 
, where co denotes the convex hull. 
Main results
We first establish the equivalence between (SVVIQCP) and (SVVIQVIP) under some suitable conditions.
Theorem 3.1. (i) If x solves (SVVIQCP), then x solves (SVVIQVIP).
(
). Thus x ∈ K is the solution of (SVVIQVIP).
(ii) Now, let x ∈ K be the solution of (SVVIQVIP) then for all y ∈ K , there exists f ∈ N(Ax, Tx) such that
Since 0 ∈ h(K ), there exists y
and hence
Since P(x) is a pointed cone, we have
By using inclusion (2), we have
which implies that x solves (SVVIQCP). This completes the proof. (y), g(x) ). The solution set S AV of (SVVIQVIP) for A is [0, 1]. But the solution set S AC of (SVVIQCP) for A is {0}. To show the existence of u ∈ F (g(x), g(x)) such that ⟨A(x), g(x)⟩ + u = 0, it must be satisfied that (x + 1)x − x ≤ 0. For example, if x = 1,
On the other hand,
To have a solution of S TV of (SVVIQVIP) for T , it must hold that
Therefore the solution set S TV of (SVVIQVIP) for T is [0, 1], while the solution set S TC of (SVVIQCP) for T is {0}. Thus the solution set of (SVVIQVIP) is S AV ∪ S TV = [0, 1] and that of (SVVIQCP) is S AC ∪ S TC = {0}. 2 an onto mapping then Theorem 2.1 holds. In this case, the solutions set for (SVVIQCP) and (SVVIQVIP) will be {0}.
(ii) The mapping F : K × K → 2 Y in Example 3.1 is a set-valued mapping which is not a process but satisfies condition of (ii) in Theorem 3.1.
Since every process F in first argument satisfies F (2x, y) = 2F (x, y) for each x, y ∈ K and 0 ∈ F (0, y), Theorem 3.1 has the following corollary. Now, by using Fan-KKM Theorem 2.1, we have the following existence result for (SVVIQVIP), which improves and generalizes existence theorems in [6, 9, 11, 12] .
Theorem 3.2. Assume that
) and for some u ∈ F (g(x), g(x)); (iii) the set {y ∈ K : H(x, y) ̸ ∈ P(x)} is convex for all x ∈ K ; (c) there exists a nonempty, compact set D of K such that for each x ∈ K \ D, there exists y ∈ D such that
Then the solution set of (SVVIQVIP) is a nonempty compact subset of K .
Proof. We define the set-valued mapping
Since D is compact, it is sufficient to prove that the family {G(y)} y∈K has the finite intersection property. Let {y 1 , y 2 , . . . , y n } be a finite subset of K and set B := co (D ∪ {y 1 , y 2 , . . . , y n }) where co, denotes the closure of co. Then B is a compact and convex subset of K .
Define two set-valued mappings
and
To show that F 2 is a KKM-mapping. Suppose that there exists a finite subset {u 1 , u 2 , . . . , u n } of B and λ i ≥ 0 (i = 1, 2, . . . , n)
Since H(u, u j ) ̸ ∈ C (u) for i = 1, 2, . . . , n and {y ∈ K : H(x, y) ̸ ∈ P(x)} is convex, it follows that
which is a contradiction to assumption (i) of (b). Therefore F 2 is a KKM-mapping. On the other hand, from assumption (ii) of (b) and the fact that P(x) is a cone, we have F 2 (y) ⊂ F 1 (y) for all y ∈ B. Hence F 1 is also a KKM mapping. Since
is a closed subset of a compact set B and thus
By assumption (c), each element of
Hence {G(y) : y ∈ K } is a family of closed subsets of the compact subset D, having the finite intersection property. Therefore  y∈K G(y) ̸ = ∅ and it is a compact subset of K . That is there exists x ∈ K such that for all y ∈ K there exists f ∈ N(Ax, Tx) such that
Y is a set-valued mapping with closed set values N, F are upper semicontinuous and A, T , g, h are continuous, then condition (a) of Theorem 3.2 holds. Therefore we obtain the following existence result of the solution for (SVVQVIP).
Y be upper semicontinuous set-valued mappings and
) and for some u ∈ F (g(x), g(x)); (iii) the set {y ∈ K : H(x, y) ̸ ∈ P(x)} is convex for all x ∈ K ; (c) there exists a nonempty, compact set D of K such that for each x ∈ K \ D, there exists y ∈ D such that ⟨f , h(y) − g(x)⟩ + v − u ̸ ∈ P(x), for all f ∈ N(Ax, Tx), for some u ∈ F (g(x), g(x)), for all v ∈ F (h(y), g(x)).
Then the solution set of (SVVIQVIP) is a nonempty compact subset of K .
If N and F are single-valued mappings, then we have the existence theorem for (SSVVIP) as a corollary. (ii) ⟨N(Ax, Tx), h(y) − g(x)⟩ + F (h(y), g(x)) − F (g(x), g(x)) − H(x, y) ∈ P(x), ∀x, y ∈ K (iii) the set {y Proof. The conclusion follows directly from Theorems 3.1 and 3.2.
